Example from An Introduction to NURBS by David F. Rogers

Example 4.1 Calculation of Open Rational B-spline Curves

Consider the control polygon given by the vertices
Bi[0 0], B2[1 2], Bs[52 0], Ba[4 2], B5[5 0]
Determine the point at ¢ = 3/> for the third-order (k = 3) open rational B-spline

curve with homogeneous weighting factors given by [H] =[1 1 hs 1 1],
hs =0,1/4,1,5.

The knot vectoris [0 0 0 1 2 3 3 3]. The parameter rangeis0 < ¢ < 3.
The curves are composed of three piecewise rational quadratics, one for each of
the interior intervals in the knot vector.

Using Eqgs. (3.2) on the interval 1 < ¢ < 2, the nonrational B-spline basis func-
tions are

1<t<?2
Nii(t)=1;  Nii(t) =0, i#4
Nao(t)=(2—1t);  Nao(t)=(t—1);  Ni2(t)=0, i#3,4

e 21 | (B-D(-1)
Na,3(t) = 5 N3 3(t) = 5 T 3
t—1)2
Nas(t) = ( 3 ) i Nis(t)=0, i#2,3,4
From Eq. (4.3) and these results, after first determining the denominator
n+1

S = Z hiNi & (t) = haN1,3(t) + haN2,3(t) + ha N3 3(t)
i=1

+ haNa3(t) + hsNs 3(t)
the rational B-spline basis functions are
1<t<?2
h3 =0
S = haN2,3(t) 4+ haNas(t)

(2 —t)? N (t—1)° 22— 6t+5

2 2 - 2
Ri,3(t) =0

_ haNas(t)  (2-1)?
Ros(t) = =57 = 3 —6t+5
Rs3(t) =0

_ haNas(t)  (t—1)?
Ris(t) = —5— = 3 —6t+5
Rs,3(t) =0
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hs =11
S = haN2 3(t) + haN3 3(t) + haNy 3(t)
(2-1)?%  t2-1) (3—t)(t—1)+(t—1)2

=T tog f ) 2
6t — 18t + 17
- 8
Ri3(t)=0
42—t
R““)_Gﬁ—1&+17
R G)_t@fﬂ+%370@fn__—%2+&—3
S8 612 — 18t + 17 T 612 — 18t + 17
At —1)?
Ris(t) = 6o 11717
Rs,3(t) =0
hs =1
S=1
Ri3(t)=0
2—1)?2
R 3(t) = Nas(t) = ( 3 )
2 —t 3—t)(t-1
R3,3( ) — N3,3(t) — ( 2 ) ( )2( )
t—1)2
Ry 3(t) = Nus(t) = ( 5 )
Rs,3(t) =0
hs =5
(2=t 5t(2—t) | 5(3—t)(t—1)  (t—1)°
S=*5—+—F5—"+ 5 +
=42 +12t—5
Ri3(t)=0
2—1)?2
Ros(t) = (2-1)

2(—4¢2 + 12t — 5)
_ 52—t +5B-t)(t—1) _ 5(=2t +6t—3)

R3,3(t) 2(74,52 + 12t — 5) = 2(74152 + 12t — 5)
_ (t—1)

Raslt) = gy 12 —5)

Rs53(t) =0

Complete results are shown in Fig. 4.1.
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Figure 4.1 Rational B-spline basis functions for n +1 = 5, k = 3 with open knot vector
[X]=[0 0 01 2 3 3 3],[H]=[1 1 hs 1 1].(a)hs=0;(b)
h3 = 1/4; (C) h3 = 1; (d) h3 = 5.
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Evaluating these results at ¢t = 3/ yields

hs =0: Ri,5(3k) =0; R, 3(3/2) = 1/o;
Ri3(3k)=1/2; Rs53(3k)=0

hs = 1/4 : R1,3(3/2) = U R2,3(3/2) = /7;
Ru,3(3R) = 2/7; R5,3(3k) =

hs =1 Ri,3(3k) =0; Ro,3(32) = 1k;
R4 3(3f) =14; R5,3(3R) =0

hs =5 Ri,3(3k) =0; R 3(3f2) = 1/32;
Ry43(3) =1/32;  Rs3(3k) =

R33(3R) =0;

R33(3R) =3/7;

Rs, 3(3/2) = 3/4;

R3,3(3/2) = 15/16;

The corresponding points on the rational B-spline curves are

2]

hs =0 PGR)=1[1 2]+12[4 2]=[%%

hs=1a:  PGR)=27[1 2]+37[5% 0]+%7[4 2]=1[5- 87]
hy =1: PCBR)=181[1 2]+3[5% O0]+Ys[4 2]=[5% 1]
hs=5: PBR)=132[1 2

Complete results are shown in Fig. 4.2.
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Figure 4.2 Rational B-spline curves for n + 1 =5, k = 3 with open knot vector [ X ] =

(000 01 2 3 3 3land[H]=[1 1 hs
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